In this note, we extend the connection between the hydrogen atom and π to the number e via the Lerch's transcendent.
Introduction
Wallis' product for π written down in 1655 by John Wallis states that
Proof Via Euler Infinite Product For The Sine Function
The Euler infinite product for the sine function is
.
Wallis' Product & The Hydrogen Atom
In [1] [2] [3] , the link between the hydrogen atom and π has been explored through various trial functions like the Gaussian trial function [1, 2] , the Lorentz trial function [3] and finally [4] who took one step further and showed that the Wallis formula is related to the harmonic oscillator by using the duality between the hydrogen atom and the harmonic oscillator as well as showing that the asymptotic formula under consideration is related to the "clever" choice of the trial function and a potential in the Schrödinger equation.
Here, for simplicity, we sketch some of the details in the case of the Gaussian trial function, that can be found in [1] [2] [3] [4] . The main idea is to consider the limit
and then let n = l + 1 giving
Thereafter making use of the fact that
we obtain
Now making use of the Legendre duplication formula
we find that Γ(n + 1) Γ(n + 
The Lerch's transcendent and π
Following [5] , the Lerch's transcendent Φ is defined to be the analytic continuation of the series
which converges for any real number u > 0 if z and s are any complex numbers with either |z| < 1, or |z| = 1 and ℜ(s) > 1. The following identity of the Lerch's transcendent will be of key importance
The corollary in [5] then states that for m = 0, 1, 2, ... and complex z with ℜ(z) < 1/2,
Then setting m = 0, z = 1 and u = 1 and multiplying by 2 gives
Now making use of the facts that
where B 1 is the first Bernoulli polynomial and
we have that ∂Φ ∂s (−1, 0, u) = ln Γ( 
